Geometric structures on fields by Tsemo, Aristide
ar
X
iv
:m
at
h/
03
03
03
3v
1 
 [m
ath
.N
T]
  3
 M
ar 
20
03
Tsemo Aristide
Visitor, Department of mathematics
University of Toronto,
100 George Street tsemoaristide@hotmail.com
GEOMETRIC STRUCTURES ON FIELDS.
0. Introduction.
Let X be a connected differentiable manifold, G a Lie group which acts tran-
sitively on X , and which action verifies the unique extension property (u.e.p):
this means that two elements of G which coincide on an open set of X , coincide
on X . A geometric structure on X , or an (X,G)−structure on X , is a differ-
entiable manifold M endowed with an atlas (φi : Ui → X)i∈I , where φi is a
diffeomorphism onto its image such that:
φi ◦ φj
−1
|Ui∩Uj
: φj(Ui ∩ Uj) −→ φi(Ui ∩ Uj)
is the restriction of an element gij of G. The family gij satisfies the Chasles
relation:
gijgjk = gik.
The (X,G) structure of M pulls back to its universal cover Mˆ . This last struc-
ture is defined by a local diffeomorphism:
DM : Mˆ −→ X
called the developing map, which gives rise to a representation
hM : pi1(M) −→ G
called the holonomy representation of the (X,G) structure of M .
The developing map can also be constructed as follows: we consider the
sheaf of local (X,G) transformations from M to X , we denote by F its Etale
space, we have a map:
F −→ X
[f ]x −→ f(x),
where x is an element ofM and [f ]x an element of the fiber of x, this application
is well defined since G satisfied the unique extension property. Its restriction to
a connected component of F is the developing map up to a cover.
Examples of such structures are:
n−dimensional affine manifolds where X is IRn and G is Aff(IRn), the
group of affine transformations of IRn,
1
n−dimensional projective manifolds where X is the projective space PIRn,
and G is the group of projective transformations PGl(n, IR), ect...
For more information about those structures, see
We remark that to develop a theory of (X,G) manifolds, we need essentially
1−homotopy theory. The 1−homotopy of toposes is well understood. The
goal of this paper is to generalize this theory to toposes to give applications to
algebraic geometric and fields theory.
1. The fundamental group of a topos.
The theory of the fundamental group of a topos is well understood, it is
proposed as an exercice in 4. p. 321 exercise 2.7.5.
Definition 1.1.
Let C be a category, a sieve on X is a subclass R of the class Ob(C) of
objects of C such that for every map m : Y ′ → Y such that Y is in R, Y ′ is
also in R. Let f : C′ → C be functor, we denote by Rf the pulls back of R to
C′, it is the sieve of C′ which elements are objects which image by f is in R.
We denote by CY subcategory of objects over Y .
Defnition 1.2.
A topology on C is an application which assigns to each object S a non
empty subclass J(S) of the class of sieves over S, such that
For every map f : T → S, and every sieve R of J(S), Rf is a sieve of J(T ),
(here f is considered as a morphism between the categories CT and CS .
For every object S of C, every element R of J(S), and every element R′ of
CX , R
′ is an element of J(S) if for every object f : T → S of R, Rf is an object
of J(T ).
The elements of J(S) are called the raffinements of S.
Definition. 1.3.
A presheaf of sets on C, is a contravariant functor from C to the category
of sets.
A sheaf of sets on C, is a presheaf of sets on C such that for every raffinement
R of S, the map
F (S)−→F|R
is bijective, where F|R is the presheaf defined on R by F|R(f) = F (T ), where
f : T → S is a map of R.
Example.
We consider the category e whose the class of object has one element x, and
such that the set of morphisms of x is the singleton {Idx}. A sheaf on this
category, is a contravariant functor which sends x to a set.
Let C be a category whose set of objects is not empty, there exists a projec-
tion functor eC : C → e, which assigns e to each object of C.
2
Definition 1.4.
A constant sheaf, is a sheaf which factor through e: that is, such that there
exists a sheaf Fe of e such that F = Fe ◦ eC .
We will say that the sheaf F is locally constant, if and only if there is a
covering family (Xi)i∈I , such that the restriction of F to the category over Xi
is a constant sheaf.
In the sequel, we will suppose that the category C is a topos, this means
that C is equivalent to the category of sheaves defined on a standard U−sieve
for a given universe U , or that one of the following properties is satisfied:
(i) Endowed with its canonical topology, C is a U−sieve on which every
sheaf is representable,
(ii) Endowed with its canonical topology, C is a U−sieve such that:
- The projective limits exist on C.
- Summand indexed by an element of U exist, are disjoint, an universal
- Equivalence relations are effective and universal on C.
Definition 1.5.
A morphism f : X → Y of toposes is a functor f−1 : Y → X such that: the
presheaf f∗(F )(Y ) = F (f
−1(Y )) is a sheaf.
The left adjoint functor f∗ of f∗ commute with finite projective limits.
Definition 1.6.
Let Z be the final object of a topos we will say that C is connected if we
cannot find a covering family {S1, S2} of C such that S1 ×Z S2 represents the
empty object.
Definitions 1.7.
- A topological covering family (Xi)i∈I of C is connected if for every Xi, the
topos CXi is connected.
- A topos is locally connected if and only if for every covering family (Xi)i∈I ,
there is a connected coverng family (Yj)j∈J such that for each j, there is a k(j)
such that Yj is a subobject of Xk(j).
Definition 1.8.
Let (Xi)i∈I be a connected covering family of a topos, a path of this family
denoted by (i1, ..., in), will be a family of object (X1, ..., Xn) such that Xi ×Z
Xi+1 is different from the initial object, where Z is the final object.
Proposition 1.9.
A locally connected topos C is connected if and only if there is a topological
covering family (Xi)i∈I such that for each object X of C, and for each i of I,
there is a path (i1 = i, ..., in) such that Xn ×Z X is not the initial object.
Proof.
Let C be a locally connected and connected topos. Suppose that there is an
object Xi of the family (Xi)i∈I and an object X of C, such that for every path
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(ii = i, ..., in) Xn ×Z X is the initial object. Let C(Xi) be the set of objects of
C such that for each element Y of C(Xi), there is a path (i1 = i, ..., in) such
that Xn×Z Y is not the initial object. The complementary Ui is not the empty,
and the final object is the direct summand of the set of object of Ui and the set
of objects of C(Xi).
We will call C(Xi) the connected component of Xi. A locally connected
topos is the direct summand of its connected components.
In the sequel, topos considered will be supposed locally connected and con-
nected.
We endow the set of paths associated to the topological covering family
(Xi)i∈I of the topos C with the following relation:
Two paths x and y will be said equivalent if and only if there is a sequence
of paths z1, ..., zn, and a k ≤ n such that zk = (i1, ..il, il+1 = il, .., im) and
zk+1 = (i1, .., il, il+2, .., im), with x = z1 and y = zn.
We denote by Path((Xi)i∈I), the set of equivalence classes of paths of
(Xi)i∈I .
In each equivalence class of a path x, we can find a representant x¯ =
(j1, ..., jk), such that jr 6= jr+1.
Let x = (i1, ..., in) and y = (j1, ..., jm) be two paths representing the elements
x¯ and y¯ of Path((Xi)i∈I) such that in = j1. We associate to x¯ and y¯ the element
¯x ∗ y which has (i1, .., in, j2, .., jm) as a representant.
We can now define the groupoid Gr((Xi)i∈I , whose objects are the elements
of I. A morphism between i and j is the class of a path (i1, ..., in) such that
i1 = i and in = j.
The inverse of the path (i1, ..., in) is (in, ..., i1).
The set of morphisms represented by the elements (i1 = i, ..., in = i) is a
group denoted Aut(i).
Consider now a locally constant sheaf F defined on C, (Xi)i∈I a locally
constant connected topological covering family, such that the restriction of F
to Xi is a constant sheaf. Such a family will be called a trivializing family.
Let X , and Y , be two objects of C such that the restriction of F to X and
Y is constant. Recall Z is the final object of C. We suppose that X×Z Y is not
the initial object. The projections px : X×Z Y → X and py : X×Z Y → Y gives
rise to the isomorphisms of sets: gx : F (X) → F (X ×Z Y ) and gy : F (Y ) →
F (X ×Z Y ). We deduce the isomorphism g
−1
x gy : F (Y )→ F (X).
We can apply this to the path (i1, ..., in), we deduce for each ik an isomor-
phism gikik+1 : F (Xik+1) → F (Xik), and a morphism gi1in‘ = gi1i2 ..gin−1in :
F (Xin)→ F (Xi1).
It results a representation
holF : Aut(i) −→ Aut(F (Xi))
where Aut(F (Xi)) is the group of automorphisms of the sets F (Xi). We set
FS(Xi) = holF (Aut(i)).
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Proposition 1.10.
Let C be a locally connected and connected topos C, and F a sheaf on C, for
each objects Xi of Xj of the connected trivializing family (Xi)i∈I , the groups
holF (Xi) and holF (Xj) are isomorphic. Moreover the class of isomorphism of
holF (Xi) does not depend of the trivializing family.
Proof.
Let Xi and Xj be two elements of (Xi)i∈I , there exists a path (i1, ..., in)
between Xi and Xj. This path induces an isomorphism between holF (Xi) and
holF (Xj).
Now, we show that the isomorphism class of holF (Xi) does not depend of
the chosen trivializing family. Let (Yj)j∈J be another trivializing family. There
exists another trivializing family (Zk)k∈K , such that each Zk is a sub object of
an object Xi(k) of (Xi)i∈I and Yj(k) of (Yj)j∈J .
It suffices to show that holF (Xi) and holF (Zk) are isomorphic for each ele-
ment Zk of (Zk)k∈K .
Let (k1 = k, ..., kn = k) be a path of (Zk)k∈K , for each ki, we choose an
element Xki of (Xi)i∈I such that Zki is a sub object of Xki , thus we obtain a
morphism of group from holF ((Zk)k∈K) to holF ((Xi)i∈I).
Define now its inverse. Let (i1 = i, ..., in = i) be a path of (Xi)i∈I , for every
Xil , there exists an object Zkl of the family (Zk)k∈K which is a subobject of
such that Zkl ×Z Xkl+1 is different from the initial object. There exists a path
between a component of Zkl ×Z Xkl+1 and Zkl+1 since Xkl+1 is connected. We
thus obtain a path of (Zk)k∈K we define the inverse of the previous morphism.
We will denote by (Gi)i∈I , the family of groups such that for each i there
exists a sheaf Fi on C, such that Gi is the holonomy of Fi.
Given two sheaves Fi and Fj , a morphism of sheaves fij : Fi → Fj induces a
morphism between the group Gi and Gj . In this case, we will say that Gi ≤ Gj
if the morphism fij is a surjective morphism .
We thus define a projective system of groups (Gi)i∈I with projective com-
pletion is the projective fundamental group of the topos C. We denote it by
propi1(C).
For a locally connected topos, we can define the profundamental group of
each of its connected component.
Definition 1.11.
We will say that a locally connected, and connected topos C is simply con-
nected if and only if each locally constant sheaf on C is a constant sheaf, oth-
erwise, this means that the profundamental group of C is trivial.
We will say that C is a locally simply connected topos C if for each topo-
logical covering family (Xi)i∈I of C, there exists a sub family (Yj)j∈J such that
Yj is simply connected.
Remark.
For a locally connected and locally simply connected topos C, the profun-
damental group of C is a group called the fundamental group which has the
following description:
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Let (Xi)i∈I be a topological covering family of C, such that for each i, Xi
is connected and simply connected.
We denote by G the intersection of the kernel of all representation Aut(i)→
holF (Xi), the fundamental group is the quotient of Aut(i) by G.
2. Geometric structures in topos theory.
The main goal of this part is to extend the notion of geometric structures to
the notion of topos.
Definition 2.1.
Let C be a topos, and G a subgroup of automorphisms of C, we will say
that G satisfies the unique extension property (uep) if two elements of G which
coincide on the category over an object of C, agree on C.
In the sequel, topoi considered, will be locally connected topoi, and we will
assume that they have a finite number of connected components.
Definition 2.2.
Let C be a topos, and G a group of automorphisms of C whose elements
verify the unique extension property. We will say that a topos D is a (C,G)
topos if and only if there exists a topological covering family (Xi)i∈I of D such
that for each Xi, there exists a local isomorphism
φi : Xi −→ C
this means that there exists an object Yi of C, such that φi factor through
an isomorphism φ′i : Xi → Yi.
Suppose that Xi ×Z Xj is different from the initial object, (recall that Z is
the final object) then there exists and element gij of G such that
gij(φj)Xi×ZXj = φiXi×Xj
where (φi)Xi×ZXj (resp. (φj)Xi×ZXj ) is the restriction of φi (resp. φj) to the
category above Xi ×Z Xj .
We have
gjk(φk)Xi×ZXj×ZXk = (φj)Xi×ZXj×ZXk ,
gij(φj)Xi×ZXj×ZXk = (φi)Xi×ZXj×ZXk .
We deduce that
gijgjk(φk)Xi×ZXj×ZXk = (φi)Xi×ZXj×ZXk .
The unique extension property implies that
(1). gijgjk = gik
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The relation (1) allows us to define a locally constant sheaf F on D, such that
the restriction of F to the category above Xi is the constant sheaf G, for each
object X of D, F (X) is the kernel of
∏
F (Xi)
→
→
∏
F (Xi ×X Xj).
The transitions morphisms of F are induced by the elements gij of G.
Let D0 be a connected component of D, we deduce from the universal prop-
erty of propi1(D0), a representation:
holD0,C,G : propi1(D0) −→ G
given by the projection
propi1(D0) −→ holF (Xi).
This representation is called the holonomy representation of the (C,G) structure
of D.
The representations deduced from Xi and Xj are conjugated, so the conju-
gacy class of the holonomy representation does not depend of Xi.
Definition 2.3.
Let D and D′ be two (C,G) topoi, we will say that a local isomorphism
f : D → D′ is a (C,G) morphism if and only if
ψi(j)f|Xi = kijφi,
where kij is an element of G, ((Xi)i∈I , φi) and ((Yj)j∈J , ψj) are two topological
covering families which define respectively the (C,G) structures of D and D′,
and f|Xi is the restriction of f to the category above Xi. Moreover we suppose
that f|Xi factors through an sub object Yi(j) of D
′. We thus endowed the class
of (C,G) structures to a structure of category.
Since the existence of a universal cover of the topos D is not sure, we replace
it by the sheaf HS of local (C,G) morphisms from D to C, in order to define a
developing map.
To HS we can associate the category whose objects are couples (X, s) where
X is an object of D and s is an element of HS(X). A map between two objects
(X, s) and (Y, s′) is a morphism f : X → Y such that HS(f)(s
′) = s. This
category H is a topos.
We can define the morphism:
Dev : H −→ C
defined on the category above (X, s) by s.
The morphism is called the developing map of the (C,G) structure of D.
We consider now C (resp. C′) a topos C, and a group G (resp. G′) of
automorphisms of C (resp. C′) whose elements verify the unique extension
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property. Moreover, we suppose that we have a local isomorphism of topoi
φ : C → C′, and a morphism of groups Φ : G→ G′ such that for each element
g of G, we have φ ◦ g = Φ(g) ◦ φ.
To each (C,G) topos defined by the covering family (Xi)i∈I , we can associate
the (C′, G′) topos defined by the family ((Xi)i∈I , φ ◦ φi).
We thus define a functor φ∗ from the category of (C,G) topoi to the category
of (C′, G′) topoi.
3. The space of (C,G) structure.
We consider a topos D endowed with a (C,G) structure. Let ((Xi)i∈I be the
covering family which defines this structure. Let consider the topos S((Xi)i∈I)
whose final object is obtained by gluing the product of topoi Xi × C by the
relation
g˜ijUi ×Z Uj × C −→ Ui ×Z Uj × C
induced by the transitions functions gij . S((Xi)i∈I is called the structural topos
of the (C,G) structure of D.
The family of projections pi : Ui×C → D define a projection p : S((Xi)i∈I)→
D, since the transition functions induced the identity on the first factor.
Definition 1.3.
A morphism s : D → S((Xi)i∈I) such that p ◦ s = Id will be called a
transverse section of the topos S((Xi)i∈I .
A section s : D → S((Xi)i∈I) is transverse if and only if pi◦si is the identity,
where si is the restriction of s to the category over Xi.
A (C,G) topos on D is defined by a transverse section s0. Conversely, we
have the fact:
Proposition 3.2.
A transverse section to the topos S((Xi)i∈I) defines a (C,G) structure on
D.
The space of (C,G) structures on the topos D can also be describe as the
set of the following triples:
A (C,G) structure on the toposD, defined by the trivializing family ((Xi)i∈I ,
- we fixe a chart (Xi0 , φi0 )
- an isomorphism of topoi D → D′.
We denote S(D,C,G) the set of (C,G) structures of D.
We have an application:
S(D,C,G) −→ Hol(propi1(D), G)
which associates to each element of S(D,C,G) its holonomy representation.
4. Applications to algebraic geometry.
We consider a scheme S define on a field k, G a group of automorphisms
of S which verifies the unique extension property. We can suppose for instance
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that S is irreducible, and G a subgroup of isomorphisms of S. It acts also on the
Etale sieve EtS of S. We can define a notion of (S,G) schemes in the category
of schemes defined over k.
An (S,G) etale scheme is a scheme T such that its Etale sieve EtT is endowed
with and (S,G) structure. This means that there exists an etale covering (Ui)i∈I
of T , etale morphisms
fi : EtUi −→ EtS
such that there exists a morphism gij of G such that:
fi|Ui×TUj = gijfj |Ui×TUj .
Let Tˆ → T be an etale covering. We denote by pi
Tˆ
the group of Deck
transformations of this covering map. We can lift the (S,G) structure on Tˆ , by
setting fˆi : Ui×T Tˆ → S = fi◦pUi , where pUi is the first projection Ui×T Tˆ → Ui.
Suppose that the holonomy group of the (S,G) structure of T is finite,
its define a sheaf F with finite fiber over T . We deduce from the theory of
fundamental group that there exists a finite cover Tˆ such that the pulls back of
F on Tˆ is trivial. We called Tˆ a holonomy cover of the (S,G) structure of T .
Let (Xi)i∈I be the covering family which defines the (S,G) structure of T .
The family (Xi ×T Tˆ )i∈I define also a (S,G) structure on Tˆ . Since the pulls-
back of F on Tˆ is trivial, (Xi ×T Tˆ ) is in fact a Zariski open set of Tˆ . Thus,
there exists a map Dev : Tˆ → Sˆ, where Sˆ is a finite Etale cover of M , such
the restriction of Dev to Xi ×T Tˆ is the map Xi ×T Tˆ which defines the (S,G)
structure of Tˆ .
In the general case, the inductive limits of the family (Ui)i∈I defines an Artin
space Tˆ , such that the pull-back of F , on Tˆ is trivial. This allow to define a
developing map, the developing map Tˆ → S.
Definition 3.3.
The (S,G) structure on T is complete if and only if the developing map
defined on the preceding Artin cover space is a surjective etale map.
Consider an (S,G) structure defined on the scheme T , with finite holonomy
group h(T ), we denote Tˆ the finite covering space corresponding to h(T ). For
a fixed Tˆ , the set of deformations of the (S,G) structures is the set of fibered
spaces D(T, Tˆ , S,G) which are quotient defined by the relations:
Tˆ × S −→ Tˆ × S
(x, y) −→ (x, hol(T )(γ)(y))
where hol(T ) is the holonomy representation of an (S,G) structure of T .
For such a bundle, we have an horizontal foliation F which is the pull forward
of the foliation of Tˆ ×S whose leaves are the subschemes Tˆ × y where is a point
of S.
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A section s transverse to this foliation defines the (S,G) structure of T , since
it lifts to a section sˆ : Tˆ → Tˆ × S.
If T ′ is another finite covering space of T such that there exists an etale mor-
phism Tˆ → T ′, we have a map D(T, T ′, S,G) → D(T, Tˆ , S,G). The inductive
limit of the space D(T, Tˆ , S,G) is the classifying space of the (S,G) structure
of T . We denote it by D(T, S,G).
Suppose now that the schemes are defined on IC, we endowed the group G
with the compact-open topology induced by the analytic topology of S. We can
now study the deformation space of the representation ρ : hol(T )→ G.
Proposition 4.1.
Let (ρt)t∈I be a deformation of the representation ρ = ρ0 of the holonomy
of an (S,G) structure of T where I is an open interval, there exists an open
interval J which contains 0 such that for every t in I, the groups ρ0(hol(T ))
and ρt(hol(T )) are isomorphic.
Proof.
Let g1,...,gn be the elements of hol(T ). Consider the set X of elements of
S such that the cardinal of the family (g1(x), ..., gn(x)) is n. The set X is a
non empty set. There exists open sets U1,...,Un disjoint each other containing
respectively g1(x),...,gn(x) for the induced analytic topology, an open interval
J contained in I, such that ρt(gi(x)) is an element of Vi for i = 1, ..., n, where
Vi is an open set contained in Ui, moreover if gigk(x) is an element of Vl, then
ρt(gigk(x)) is also an element of Vl for t in J . We deduce that the map
ρt(hol(T ))→ ρ(hol(T ))
ρt(gi) −→ gi
is an isomorphism.
Theorem 4.2.
Let S and T be two IC−schemes, compact for the analytic topology, then the
image of the map D(T, Tˆ , S,G)→ Hom(hol(T ), G) is open.
Proof.
Under the conditions of the theorem, for each deformation (ρt)t∈I of the
holonomy representation of T , there exists an interval J contained in I such
that the groups ρ(hol(T )) and ρt(hol(T )) are isomorphic. The flat bundle
D(Tˆ , T, S,G) and the flat bundle induced by the representation ρt for t ∈ J
are isomorphic. We identified them. We denote by Ft the horizontal foliation
of the flat bundle induced by ρt, t ∈ J . For t small, this foliation remains trans-
verse to the vertical foliation. It implies that ρt is the holonomy of a (S,G)
structure of T .
The Beyli theorem.
Let P be the projective line defined over the rational numbers, it has been
shown by Beyli that finite covers of C0 = P − {0, 1,∞} are algebraic curves
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defined by equations with algebraic coefficients. If we denote by G the group of
automorphisms of C0, we can restate this result as follows:
Theorem 4.3.
An algebraic curve has a complete (C0, G) structure which holonomy is finite
if and only if it has a finite cover which is an algebraic curve defined by algebraic
coefficient.
The interest of the set of finite covers of C0 is emphasizes by the fact that
the Galois group Gal(I¯Q/IQ) acts naturally on it by acting on coefficients of
algebraic polynomials. Since the structure of Gal(I¯Q/IQ) is not well-known, the
previous action is a tool which allow to study this group.
We will define a natural action of Gal(I¯Q/IQ) on the set of (C0, G) structures.
This will give another tool to study this group.
Let CI¯Q be the I¯Q−projective line without 3−points, and GI¯Q a subgroup
of its automorphisms group. Consider a curve C defined over I¯Q endowed with
an (CI¯Q, GI¯Q) structure. This structure is defined by an etale covering family
(Ui → C) of C, and morphisms fi : Ui → Vi, where Vi → CI¯Q is an etale
morphism. The group Gal(I¯Q/IQ) acts naturally on the space of curves defined
over I¯Q, one of its element σ, sends a curve C defined by a polynomial P which
coefficients are algebraic, to the curve Cσ defined by P σ. For an element σ of
Gal(I¯Q/IQ), we will denote by Cσ the image of C by σ. The action of σ induces
a map fi
σ : Ui
σ → Vi
σ, we define an (CI¯Q, GI¯Q) structure on C. Remark that
we can have Cσ = C, but the (CI¯Q, GI¯Q) are not fixed by σ.
The action of the Galois group Gl(I¯Q/IQ) on the fundamental groupoid
of C0.
We can define the topology SC0 generated by the family of finite covers maps
C → C0. We have seen that a finite cover C of C0 is an algebraic curve, define by
polynomial which coefficients are algebraic. Let σ be an element of Gl(I¯Q/IQ),
σ acts on finite covers of C0. Consider a path (C1, ..., Cn) which represents an
element of the groupoid Gr(C0) where the index family is the set of finite cover
of C0, we define the action of σ on Gr(C0) by
σ(C1, .., Cn) = (C1
σ, ..., Cn
σ)
For each locally constant sheaf F on SC0 , we can define the sheaf F
σ defined
by F σ(C) = F (Cσ)
The action of σ on Gr(C0) induces an automorphism σ¯ on the holonomy
groupoid GF of F . This action is compatible with morphisms between locally
constant sheaves. We thus deduce an action of σ on the fundamental groupoid
of SC0 . If C is defined by polynomials with rational coefficients, this action
induces an action of Gal(I¯Q/IQ) on the fundamental group of SC0 in C.
The case of field theory.
We will now apply the previous study to field Theory. Let k be a field, E an
extension of k. We denote by G the Galois group of this extension. The unique
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extension property is satisfied by the Galois group G(E : k) acting on Spec(E),
endowed with its Zariski topology, since the unique non empty set of Spec(E),
is Spec(E).
Recall that an etale cover of Spec(E), is the spectrum of a finite product
of separable extensions (ki)i∈I of E. The Galois group of the etale cover is the
product of the Galois groups of the extensions E → ki.
We want to classify finite products of finite separable extension of k that
we call k−separable algebras, which are endowed with (E,G) structures. Let
F = k1 × .. × kn be such a k−separable algebra, an etale covering of Spec(F )
is given by Spec(F ′), where F ′ is a finite product of separable extensions of k
which is an extension of F . Let kS , be the separable closure of k. The family
of separable extensions (Hi = (k
1
i × ..× k
n
i )i∈I of F , is a covering family if and
only if the kS is the inductive limit of (k
j
i ). This is equivalent to saying that
Gal(kS : F ) is the projective limit of the family (Gal(kS : k
j
i )).
Thus the (S,G) structure on Spec(F ) is defined by a family (Fi)i∈I of finite
product of separable extensions of k such that Gal(kS : k
j
i ) is the projective
limit of the family Gal(FS : k
j
i ), and such that for each i ∈ I, there exists a
morphism
D′i : EtFi → EtE ,
a morphism gij ofG which satisfies g
′
ijD
′
jEtSpec(Fi)×F Spec(Fj)
= D′iEtSpec(Fi)×F Spec(Fj)
.
The Chasles relation g′ijg
′
jk = g
′
ik is satisfied.
We will consider only morphisms induced by an etale map D′i : Spec(Fi)→
Spec(Ei). Such a morphism is induced by an separable extension
Di : Ei −→ Fi
Thus the family (g′ij) define a flat sheaf S(E,G) on the etale site of Spec(F ),
with holonomy representation
hol : Gal(FS : F ) −→ Gal(E : k)
Proposition.
Endow a field F with an (S,G) structure defined by the family (Fi)i∈I , sup-
pose that each F−algebra Fi is a field, then there exists a separable extension
FS,G of F , such that every field Fi is a subfield of FS,G, we denote by i the
canonical map Fi → FS,G, there exists a map D : E → FS,G, and a representa-
tion hol′ : Gal(FS,G : F ) → Gal(E : k). We have i ◦ D = Di The fields FS,G
is universal in the following sense: If K, is a field such that there exist a map
DK : E → K, a map iK : Fi → K such that iK ◦DK = Di then there exist a
map f : FS,G → K, such that DK = f ◦D.
Proof.
The field FS,G is the Artin cover which trivializes the bundle defined by the
holonomy of the (E,G) structure of F .
Remark.
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An (E,G) structures allow us to construct representations of galois groups
of separable extensions of F to k−vector spaces.
Definition.
Let F (resp.F ′), be a k−separable algebra endowed with the respective
(E,G) structure defined by the etale covering (Spec(Fi))i∈I (resp. (Spec(F
′
i′)i′∈I′ ,
and the family of maps fi : Spec(Fi) → Spec(Ei), (resp. f
′
i : Spec(F
′
i ) →
Spec(E′i)).
An (E,G) morphism between F and F ′ is an etale morphism h : Spec(F )→
Spec(F ′) induced by a family of maps hi : Spec(Fi) → Spec(F
′
i ), such that
there exists a map gij of G with the property: f
′
i ◦ hi ◦ ui = gij ◦ f
′
j ◦ hj ◦ uj ,
where ui is the canonical map Spec(Fi)× Spec(Fj)→ Spec(Fi), hi is the lift of
h to Spec(Fi), and gij is an element of G.
We denote by Aut(F,E,G) the group of (E,G) maps of F .
The complete structures.
Recall that an (E,G) structure on the field F is said to be complete if the
developing map is a covering map.
Proposition.
Endow a field F with an (E,G) structure, suppose that the (E,G) structure
is defined by fields (Fi)i∈I , the structure is complete if and only if FS,G is a
separable extension of E. The developing map is an isomorphism if and only if
and E is isomorphic to the separable of F .
Proof.
The (E,G) structure of F is defined by a family of maps E → Ei → Fi where
Ei and Fi are respectively separable extensions of E and F . This structure
is complete if and only if lim(Fi) =the separable closure of F is a separable
extension of E. This implies that the developing map is an isomorphism if and
only if F is separately closed and E is isomorphic to F .
On the other hand we have the following:
Proposition.
Suppose that F is a separable extension of the field E, then F is endowed
with a complete (E,G) structure.
Now suppose that the holonomy group hol(Gal(Fs : F )) is finite and the
structure is complete, we have seen that this implies that E is a separable
extension of F . If the characteristic of k is zero, and G = Gal(E | k), every
subfield F of E, such that E is a finite extension of F endows E with with a
complete (F,GF ) structure because every extension of k is separable.
We can restate the fundamental theorem of the Galois theory as follows:
Proposition.
Let E be a Galois extension of k with galois group G, then the complete
(F,GF ) structures on E which holonomies groups are subgroup of G, is one to
one with the subgroups of G(E : k).
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Operations on (E,G) structures.
The change of basis.
Let E → E′ a morphism of k−fields, and G and G′ be the Galois groups of
E and E′ over k. Suppose moreover that E′ is separable over E, then to any
(E′, G′) defined on the field F by the family of F−algebras (F ′i )i∈I , and the
family of maps f : φi : E
′
i → F
′
i , we can assign an (E,G) structure defined by
the same data, since in this case separable extensions of E′ are also separable
extensions of E.
We thus obtain a functor
f∗ : S(E′, G′)→ S(E,G).
Conversely, consider an (E,G) structure defined on the field F , by the fam-
ily of F−separable algebras (Fi)i∈I , and the family of E−separable algebras
(Ei)i∈I , the maps φ : Ei → Fi, gives rise to maps φ
′
i : EiE
′ → FiE
′, remark
that the fields EiE
′ and FiE
′ are respectively separable extensions of E′, and
FE′.
Let gij : Ei⊗Ej → Ei⊗Ej be the coordinates change of the (E,G) structure
on F . The coordinates change of the (E′, G′) structure on FE′ are defined by
hij : EiE
′ ⊗ EjE
′ = (Ei ⊗ Ej)E
′ → EiE
′ ⊗ EjE
′ = (Ei ⊗ Ej)E
′, where
hij = gijIdE′ .
we obtain an (E′, G′) structure on FE′, we have just define a functor
f∗ : S(E,G) −→ S(E
′, G′).
Proposition.
Let s be an (E′, G′) structure defined on the field F , the S(E,G) structure
f∗f
∗(s) is isomorphic to s.
Proof.
This result from the trivial fact that for each extension E′ → F ′, the field
E′F ′ is canonical isomorphic to F ′.
Proposition.
The functor f∗ is the left adjoint of the functor f
∗, that is we have an
isomorphism between Hom(E′,G′)(f∗(s), t) and Hom(E,G)(s, f
∗(t)) where s and
t are respectively an (E,G) and an (E′, G′) structure.
Proof.
The forgetful functor h′ from the category Ext(E′) of extensions of E′ to the
categoryExt(E) of extensions of E is right adjoint to the functor h from Ext(E)
to Ext(E′) which assigns to F , the field FE′. This implies the proposition.
Let F and F ′ be two k−algebras, endowed with the respective (E,G) struc-
tures A and B defined respectively by the families of separable extensions
(Fi)i∈I , and (F
′
j)j∈J of F and F
′. The k−algebras Ei ⊗ Ej and Fi ⊗ Fj are
respectively separable extensions of E and F ⊗ F ′. The maps Di : Ei → Fi,
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and Dj : Ej → Fj , define a map Di⊗j : Ei ⊗ Ej → Fi ⊗ F
′
j , thus it defines an
(E,G) structure denoted A⊗B.
We have just endowed the category of (E,G) k−algebras with a tensor prod-
uct.
We will denote by I be the (E,G) structure defined on E by the identity of
the etale site of E.
Suppose now that the field k is IQ, and E is a product of finite extensions
of IQ. Let F , be a IQ−algebra endowed with an (E,G) structure, defined by
the respective covering families (Fi)i∈I , and (Ei)i∈I of F and E. Let σ be an
element of Gal(I¯Q/IQ). We will denote by Lσ the image of a IQ−algebra L by
σ. The (E,G) structure of F is defined by a family of maps fi : Ei → Fi,
the action of σ on I¯Q, induces an action fi
σ : Ei
σ → Fi
σ. This action defined
and (Eσ, Gσ) structure on F σ, where Gσ = σGσ−1. Remark that we can have
F σ = F but the (E,G) of F are not fixed by σ.
Applications.
Let E be an algebraic extension of a field k, and G be a subgroup of the
Galois group of E. We want first to answer the following question, given an
algebraic extension F of k, is there an (E,G) structure on F . We will find a
non commutative two cocycle with take H2(EtF , L) which is the obstruction to
solving this problem, where L is a sheaf on EtF .
Recall that, given an (E,G) structure on the field F , is defined by maps
Ei → Fi where Ei and Fi are respectively finite products of separable extensions
of E and F .
We can remark that the map Ei → Fi gives rise to an (E,G) structure over
Spec(Fi), defined as follow: the subfamily of etale covers Fk of F which are
etale cover of Fi is a covering family of Fi.
Now suppose that the characteristic of the field is zero, for every extension
(separable) of F , there exists always an extension (separable) H which contains
F and E. Thus we can define an (E,G) structure on H which assigns to every
etale morphism H → K, the map E → H → K. The category C(H,E,G) of
(E,G) structures over H is not empty.
we can define a sheaf of categories on EtF defines as follow:
To every etale covering space H of F , we assigns the category C(E,H,G).
This sheaf of categories is a stack. If the group of automorphisms of each
element H of C(E,F,G) is isomorph to L(H), where L is a sheaf on EtF , then
this stack is a gerbe. The obstruction of the existence of an (E,G) structure is
then given by a 2−Cech cocycle.
Now, we will give a procedure to build examples of (E,G) structures.
Consider an algebraic extension E over k, with Galois group G. Let ES be
a separable closure of E. Suppose that we have a representation h : Gal(ES :
E)→ G, and consider an element c of H1(Gal(ES : E), G) for this representa-
tion. With this cocycle, we can built a flat L G−bundle on EtE . Now consider
a trivialization of this bundle. It is defined by a family (Ei)i∈I of separable
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extensions of E. We define the (E,G) structure by etale morphism Ei → Ei .
The coordinates change will be given by the coordinates change of the bundle
L. Obviously the holonomy of this (E,G) structure is h.
Proposition.
If c = 0, then the (E,G) structure that we have just defined is trivial.
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